A general method is presented for transforming scattering cross sections between two moving frames. The Jacobian of the transformation is developed for nonrelativistic as well as relativistic particle energies in the case of either elastic or inelastic scattering.
I. INTRODUCTION
The primary datum of a scattering experiment is the differential cross section. It is defined as the number of particles (events) per second per solid angle observed by the detector divided by the number of particles per unit area per second incident per target particle (scattering center). 1 In many scattering experiments the detector is most conveniently described using the fixed reference frame of the laboratory, while the scattering events are most conveniently analyzed in a reference frame moving with uniform velocity with respect to the laboratory frame. In such cases it is necessary to relate the differential cross section measured in one frame to the differential cross section that would be measured in the other. This kinematic problem can be vexing, causes much confusion, and is the subject of this article.
Scattering data usually consist of either single-particle events or as coincident events. The latter is defined by two events that reach their respective detectors within some specified time delay. For singleparticle data, one normally wishes to transform the laboratory scattering data to the center-of-mass reference frame. For coincidence data, again one may desire to transform to the center-of-mass frame, or to a reference frame moving with the other coincident particle, or its kinematic partner. Figure 1 illustrates all of these types of transformations. The unprimed coordinate system (XYZ) refers to the laboratory frame, the primed coordinate system (X'y'Z') to a reference frame that moves with a speed and a direction given by the velocity vector va' Thus a particle having velocity v A in the X' y' Z' frame will have a velocity vein the XYZ frame, where the vector equation leI, the spherical coordinates of the three vectors are those shown in Fig. 1, i. e., the lengths are V A> Va' V c, the polar angles are e A' e a' e e' and the azimuthal angles are CPA' CPa, CPe'
The problem faced in transforming cross sections in one frame to another is the requirement that the transformations conserve flux. If the scattering event has no restriction on either the angle or velocity of the scattered particle, then the differential cross sections (which are proportional to the probability of a scattering event being detected with particle velocity between v and v +dv and at a solid angle between U and U +dU in the two frames are related by
where
is the Jacobian of the transformation. The explicit form of the Jacobian is the 3x 3 determinant: In the case where restrictions on the scattering process occur, the differential cross sections must be transformed appropriately. The quantization (discretization) of exit channel velocities is such an instance. The most commonly encountered example is elastic scattering, but there are a growing number of experiments measuring state-to-state inelastic or reactive scattering where restrictions on the exit channel velocities also apply. Although the final velocity of a particle undergoing elastic scattering is constrained to one fixed value in the center-of-mass frame, the spherical polar angles, 8 and cP, may assume a continuum of values. Therefore, the differential cross sections for elastic scattering transform according to
is the Jacobian of the transformation, having the explicit form of the 2 x 2 determinant:
In the general case where many discrete exit channels j are open, the transformation becomes a sum over the j channels:
In Eq. (8) the jth term contributes one cross section in the A frame when the transformation is single valued, n terms when the transformation is multivalued. Equation (8) is just a generalization of Eq. (5). Furthermore, the preceding discussion pertains not only to discrete velocities with continuous angular distributions of the scattered products, but to the case where the velocity distribution is continuous and the angular distribution is discrete. For example, when a reaction is strongly plane polarized, the differential cross section may be treated as if it were continuous in polar angle 8, continuous or discrete in velocity, v, and discrete in azimuthal angle, cp. The proper Jacobian of the transformation is represented by the determinant involving the continuous variables.
When many channels are open and the detection system of the experiment is not able to resolve the discrete states, then what is inherently quantized (discrete) data may be treated as a continuous spectrum. In such circumstances, the transformation of such data between two moving frames is to be carried out using Eq. (2). In the Appendix we present in more detail the conditions under which this approach is valid.
The following discussion describes a general method for evaluating Jacobians of the frame transformation.
II. NON RELATIVISTIC TRANSFORMATION
The determination of the Jacobian involves the calculation of the partial derivatives that are shown in Eqs. (4) or (7). Equation (1) can be expressed in Cartesian components as:
In principle, the necessary partial derivatives may be found by expressing each "old" variable, Vc, cosec,cpc as an explicit function of the "new" variables, vA,cos8A,CPA' However, as Eqs. (9)- (11) show, this procedure is quite clumsy. Instead, the following technique is used, in which Eqs. (9) 
= -cos c SIn c SIn
The evaluation of the determinant in Eq. (4) gives:
where T A and Teare the kinetic energies of the particle in the two frames.
2 For the special case where the exit channel velocity is constrained, such as in elastic scattering, Eq. (7) applies and we find that
where Ii is the angle between v A and vc'
The above results are general and apply to the threedimensional transformation between two moving frames.
3 A special case of much interest is that in which the moving frame is the center-of-mass (c. m.) and the fixed frame is the laboratory reference frame (LAB).4 Then Eqs. (25) and (26) While these results are not new and seem to be well accepted in the field of crossed-beam molecular scattering, in the field of nuclear reactions, matters seem to be less clearly stated. Initially, we thought that there were clear instances of incorrect transformations in this literature, II but further consideration shows that we were confused by the omission of much detail in previously published accounts.
III. RELATIVISTIC TRANSFORMATION
This case differs from the nonrelativistic one in that we wish to transform momenta rather than velocities. Thus, the relativistic counterpart of Eqs. (9)- (11) 
These lead to the relativistic Jacobian J~~: ~~ )= ~ E~ {yEA +y(3(PA cosBA)c}.
Since the energies transform according to Ec=yEA+Y(3(PAcosBA)c , (42) the Jacobian for relativistic scattering reduces to
In the nonrelativistic limit, (EcIEA)-l, and we recover the Jacobian for nonrelativistic scattering given in Eq. (25). For elastic scattering the Jacobian of the relativistic transformation is Baldin, Goldanskii, and Rozenthal. 12 In closing, it is worthwhile to point out that the differential operator technique employed in the above derivation is general and can be applied to calculate the transformation Jacobian for other variables and coordinate frames.
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APPENDIX: THE USE OF CONTINUOUS AND DISCRETE REPRESENTATIONS OF THE VELOCITY DISTRIBUTION IN TRANSFORMING SCATTERING DATA BETWEEN MOVING FRAMES
Let us suppose that a scattering process is characterized by a discrete number of exit channel velocities v AI' each associated with continuous angular variables n A • We inquire under what conditions can we treat the transformation of scattering data between two moving frames as if the velocity distribution has a continuous spectrum.
We define a discrete probability function p(v Ai> n A) where v AI is fixed in value but n A is not. The total cross section is given by
where n is the number of open exit channels.
To transform P from frame A to frame C we formally introduce the change of variables. the Jacobian for this transformation is 3If the scattering process is restricted to a plane, the Jacobian of the transformation is a 2 x 2 determinant which yields 'Had the three-dimensional general case been reduced to the evaluation of a 2 x 2 determinant by omitting partial derivatives involving the angle cP, the result is where J 2x 2 is recognized as the cofactor of (acpc/ acp,,) 
